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Abstract 
Banaschewski, B., Singly generated frame extensions, Journal of Pure and Applied Algebra 83 
(1992) l-21. 
Extensions of a frame generated by a single added element are studied systematically, with 
particular attention to the categorical frame version of the Hausdorff separation axiom due to 
J.R. Isbell. Further, certain extensions of strongly Hausdorff spaces are proved to be strongly 
Hausdorff. 
Introduction 
A familiar type of topological construction is to enlarge the topology of a given 
space by adding a ‘new open set’. Algebraically, this amounts to extending a given 
frame by adjoining a new element, and it seems worthwhile to study this process 
in full generality. In the course of this, we present a simple description of the free 
singly generated extension of a frame (Proposition 2.1) which then permits a 
convenient account of all possible singly generated extensions of a given frame 
(Proposition 2.2). Further, we characterize those singly generated extensions of a 
frame L which occur inside the congruence frame of L (Proposition 2.4) and 
those for which the natural embedding into the extension is an epimorphism 
(Proposition 3.2). 
After this, we turn to a specific question motivated by some crucial examples of 
Isbell [5], namely the interplay between singly generated frame extensions and the 
frame version of the Hausdorff separation axiom introduced in [5]. After giving 
some different criteria for the latter (Proposition 4.3), we obtain a necessary and 
sufficient condition for the preservation of the property in question in terms of 
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epimorphic extensions (Proposition 4.10) which provides a suggestive general 
approach to the results of [5] that a strongly Hausdorff space need not be regular 
and a Hausdorff space need not be strongly Hausdorff. Finally, in the Appendix, 
we leave singly generated extensions to deal generally with strongly Hausdorff 
spaces, showing they are stable under what are called simple extensions (Proposi- 
tion A.6). This fact is then shown to provide a useful setting for looking at two 
further examples of [5]. 
For general notions concerning frames we refer to [6]. In slight deviation from 
the emphasis there, we sometimes find it useful to take a more algebraic point of 
view and to think of frame quotients in terms of congruences rather than nuclei; a 
good presentation of this approach is given by Frith [4]. 
1. Basic definitions 
Definition 1.1. A frame M is called a singly generated extension of a frame L if L 
is a subframe of M, and M is generated by L and some c E M. 
Such c will be called a generator of M over L; notation: M = L[c]. 
Trivially, M = L whenever c E L. Obviously, our interest will be specifically in 
proper singly generated extensions. Equally trivially, the degenerate one-element 
frame has no proper extensions whatever, and we shall therefore tacitly exclude it 
from our considerations. 
Remark. L[c] = L[d] need not imply c = d. Whenever L is given as a subframe 
of a frame N, and there exist a,b E L and s E N - L such that a A b = 0 and 
s f b, then, for c = a v s, c A b = s and hence L[c] = L[s]. On the other hand, if 
a#0 then c#s. 
Remark. If M = L[c] then any element of M is of the form x, v (x, A c), where 
x, ,x2 E L: all x E L and c are of this type, and binary meets and arbitrary joins of 
such elements are again of this type. Moreover, it may further be assumed that 
x, 5 x2 in view of the fact that 
x, v (x2 A C) =X, V (X, A C) V (X2 A C) = X, V ((X, V X2) A C) . 
Definition 1.2. An extension K = L[s] is called a free singly generated extension of 
L, with free generator s over L, if, for any M = L[ c] there exists a homo- 
morphism h : K+ M mapping L identically and s to c. 
Of course, existence implies uniqueness for such extensions, in the sense that 
for any extensions L[s] and L[t] of this kind, there is a unique isomorphism 
L[s] * L[t] mapping L identically and s to t: the two homomorphisms 
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L[s]+ L[t] and L[t] + L[s] provided by the definition have either composite 
equal to the respective identity map. 
Note, moreover, that in any free singly generated extension L[s] with free 
generator s over L, s is the only generator over L: if t = x1 v (x2 A s) such that 
s = y, v (y, A t), then 
s = Yl v (Y, A (x1 v (x2 A s))) = Yl v (x1 A Y2) v (x2 A Y2 A s) 3 
and by applying the homomorphism L[s] + L[s] taking s to 0 and mapping L 
identically one obtains yr = x1 A y, = 0, while the analogous step taking s to e 
shows that x2 A y, = e, hence also y, = e and thus s = t. 
‘Ine existence of free singly generated extensions is obvious, by one reasoning 
or another. One argument, providing somewhat more than mere abstract exist- 
ence, uses the free frame on a single free generator, that is, the free singly 
generated extension of the two-element frame 2, known to be 3 with its middle 
element as the free generator. In fact, the coproduct homomorphism L + L @3, 
expressed as X-X CB e, is an embedding, and L 69 3 is freely generated over its 
image {x 69 e 1 x E L} G L by the element e $ m determined by the middle 
element m of 3. 
Evidently, this discussion requires some knowledge of frame coproducts. On 
the other hand, these coproducts have fairly involved explicit descriptions, and it 
will therefore be of some advantage to have a very simple alternative presentation 
of free singly generated frame extensions. This will be given in the next section. 
2. A representation of singly generated frame extensions 
For any frame L, its partial order 
is a subframe of L X L. Obviously, the zero (0,O) and the unit (e, e) of L X L 
belong to P, and since x 5 y and u 9 u implies x A u 5 y A u, P is closed under 
binary meet in L x L. Further, for any S C P, for any (x, y) E S, x 5 y 4 Vp,[S] 
and therefore Vp,[S] 5 Vp,[S], that is, VS E P. 
Further, A = {(x, x) 1 x E L} is a subframe of P isomorphic to L, and since 
(x, Y) = (x5 x) V ((Y, Y) A (0, e)) f or any (x, y) E P, we have P = A[(O, e)]. More- 
over, for any M = L[c], the map h : P + M given by h(x, , x2) = xl v (x2 A c) is a 
homomorphism such that h(x, x) = x and h(0, e) = c. This proves the following 
proposition: 
Proposition 2.1. P is the free singly generated extension of A g L with free 
generator (0, e). Cl 
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As a result, any singly generated extension of a frame L can be represented by 
a suitable quotient of P. Consider any M = L[c] and the above homomorphism 
h : P+ M, where h(x,, x2) = x1 v (x2 A c). Then M z PlKer(h), where Ker(h) is 
the congruence on P consisting of all 
((Xl? 47 (Yl, Y2>> such that X, v (x, A c) = ( y, v (y, A c)) . 
Now, the latter implies the following two identities, 
x*vc=y,vc, x,/\c=y,r\c, 
by taking join and meet with c and using that xi 5 x2 and yi 5 y2. Conversely, 
those two identities imply 
X1 V (X, A C) = X, V (J’, A C) = (X, V yz) A (X1 V C) 
and thus equality, by symmetry. Hence, if we put 
0 = {(x, y) E L x L ] x v c = y v c} and 
@={(x,Y)ELxL~xAc=YAc}, 
then we have 
Ker(h) = {((x1, x2), (Yl, Yz)) 1 (x1, YI) E 0~ (x2, Y*) E @) 
Note further that 0 n @ = A: if (x, y) E 0 fl @ then ((x, x), (y, y)) E Ker(h) so 
that x = h(x, x) = h( y, y) = y. 
Now, consider any arbitrary pair of congruences O,@ on L such that 0 fl @ = 
A. Then, 
[O, @] = {((Xl, x2), (Yl, Y2)) E p x p I (x1, Yl) E 0, (x27 Y2) E @I 
is a congruence on P which induces the identity relation on the subframe A. As to 
the latter, if ((x, x), (y, y)) E [O, @] for any x,y E L then (x, y) E 0 tl @ and 
therefore x = y. It follows that the composite homomorphism 
L-+PY- P/L@, @I 7 x-(x,x)- Jdx, x) 7 
where v is the quotient map modulo [O, @I, is one-one and hence defines a 
singly generated extension of L. In all this proves the following proposition: 
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Proposition 2.2. The singly generated extensions of a frame L are, up to iso- 
morphism, determined by the quotients PI [ 0, @] for any disjoint congruences 0 
and@onL. 0 
To provide convenient language, we introduce the following: 
Definition 2.3. For any singly generated extension M = L[c] of a frame L, the 
congruences 
O={(x,y)~(xvc=yvc} and 
@={(x,y)ELxLlxAc=yAc} 
will be called the first and second defining congruence of M. 
Note that 0 and @ depend on the generating element c E M: easy examples 
show one may have M = L[c] = L[d] with different pairs of defining congruences 
for c and d, such as M = L = L[O] = L[e]. P ar abus de langage, we sometimes 
omit the reference to a specific generating element. Also, the natural problem 
arising in this context, to determine which disjoint ordered pairs of congruences 
on a frame L produce singly generated extensions of L which are isomorphic over 
L is not dealt with here. 
Remark. The extension of L given by arbitrary O,@ clearly need not be proper. 
Indeed, it will be improper precisely if there exist a E L for which 
((a, a), (0, e)) E [O, 01, that is, (a, 0) E 0 and (a, e) E CD, implying 0 v @ =V, 
the all-relation on L. Thus, whenever 0 v @ # V the extension is proper al- 
though, as will be seen later, the converse does not hold. 
Remark. The nucleus n on P associated with the congruence [O, @I, which 
assigns to each (x, , x2) E P the largest element in its [ 0, @]-block, can be 
expressed in terms of the nuclei k and 1 on L associated with 0 and @, 
respectively, in the following way: 
4x,, 4 = (4x,) A W,~X,)) 
To see this, we have to show that 
(9 ((x,3 4, (k(x,) A 4-d) E [@, @I 
and 
(ii) if ((xl7 4 (y,, y2)) E [@, @I ) 
then y, 5 k(x,) A 1(x2) and y, 5 Z(x,) . 
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Now (x,, k(x,)) E 0 by the definition. of k, and since x1 I x2 I 1(x,) we then 
obtain (xi, k(x,) A Z(xz)) E 0, proving the less obvious part of (i). On the other 
hand, ((xi, x2), (yl, y2)) E [@, @I implies 
Y, 5 k(y,) = 6) and Y I 5 Y, 5 XY,) = W 
so that y, 5 k(x,) A l(x,) while the other inequality is immediate. In all, this 
proves the assertion. 
For any frame L, a naturally arising extension is given by its congruence frame 
CrL by means of the familiar embedding 
VL: L--+EL) a~V,={(x,y)ELxL~xva=yva}. 
A reasonable question therefore is: which singly generated extensions of L are 
realized in EL, that is, are given by some subframe 2[ 01 of CrL, where 
5.2 = Im( VL) and 0 E 6 L, via the isomorphism L + 2 induced by VL? This is 
answered by the following proposition: 
Proposition 2.4. The singly generated extensions of a frame L realized in EL are 
exactly those which have as dejining congruences 0 and its pseudocomplement 0 *, 
for any 0 E CL. 
Proof. This amounts to the following two conditions, for any x 5 y in L and 
6) 
and 
(ii) 
To see 
A, = {(u, 
using the 
the same 
V,vO=V,vO iff (x,y)EO 
V,fl@=V,n@ iff (x,y)EO*. 
(i), note first that the congruence generated by (x, y) is A, n 0, , where 
u)ELxL~u~x=v~x}. Hence 
(x, y) E 0 iff A, rl V, c 0 iff 0, C 0, v 0 iff V, v 0 = V, v 0 , 
fact that A, and 0, are complements of each other. For (ii) we have, for 
reason, 
(x, y) E O* iff A, n VY n 0 = A iff V.” n 0 c 0, iff 0, fl 0 = VY il 0 . 
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An immediate consequence of this proposition is that not every singly gener- 
ated extension of a frame is realized in its congruence frame: 
Corollary 2.5. For any frame L, the free singly generated extension of L is not 
realized in 6 L. 
Proof. The defining congruences, determined by the unique generator over L, are 
A and A#A*=V. 0 
Remark. The condition (i) also has the following interesting use in the develop- 
ment of the general theory: one can first show that CSL is a frame and 
VL : L - EL a frame homomorphism, and then deduce immediately from (i) that 
every congruence is the kernel of a homomorphism-@ = Ker(x*VX v 0). 
3. Epi-extensions 
An extension M of a frame L is called an epi-extension if the identical 
embedding L + M is an epimorphism. Here, we are interested in singly generated 
epi-extensions. 
As a tool for studying these, we first consider the iteration of forming free 
singly generated extensions, based on Proposition 2.1. For any frame L, let 
P C L X L be as earlier and Q C P x P the partial order of P. Expressing the 
elements of Q simply as quadruples (x, , x2, x3, x4), the defining condition 
becomes the requirement that 
We then have: P is represented in Q by 
L is represented in Q by 
z = {(x, x, x, x) 1 x E L} , 
Q is generated over p by (0, 0, e, e) and F is generated over L” by (0, e, 0, e). This 
then shows, using obvious terminology parallel to Definition 1.2, the following 
proposition: 
Proposition 3.1. Q is the free extension of 2 z L by the free generators (0, e, 0, e) 
and (0, 0, e, e). 0 
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Our characterization of singly generated epi-extensions is now the following: 
Proposition 3.2. For any singly generated extension M = L[c] of a frame L, with 
defining congruences 0 and @, the following are equivalent: 
(1) M is an epi-extension. 
(2) 0 v @ =v. 
(3) The congruence V, on M is generated by 0. 
Proof. (1) + (2) Consider the homomorphisms 
that is, cp(x, x) = (x, x, x, x) = +(x, x), ~(0, e) = (0, e, 0, e), and $(O, e) = 
(0, 0, e, e). We are interested in the congruence on Q generated by the following 
subsets of Q x Q: 
u = (cp x CPM@, @II 
= {((X1,X2,X1>X2)?(Y,? Y,, Yl, Yd (Xl> y,)E@,(x*, Y2)E @>’ 
v= (4 x (cr>[[@, @II 
={((X,,X,,X2,XZ),(Y,,Yl,Y2,Y2))I(X,7Y,)~~~(X2~Y*)~~}. 
The associated nucleus K can best be described by first considering the nuclei p 
and v determined by the congruences on Q generated by U and V individually. 
For the corresponding prenuclei pLo and q, we have, by the general theory [l], 
p,,(a)= ~{y~zl(x,y)~U,z~Q,x~z~a> (aEQ> 
and analogously for pO. We claim 
where k and 1 are the nuclei associated with 0 and @, respectively. First, 
(k(a,) A I(%), I(&), k(a,) A l(a,), l(a,)) 5 &,(a), since (a,, k(a,) A I(%)) E 0, as 
observed earlier, and (a,, u2, a,, a2) % a by the defining relations for Q. 
Similarly, (0, 0, k(a,) A Z(a,), Z(u,)) 5 p”(a) because (a,, k(u,) A [(a,)) E 0, and 
(a,, a4, a3, a4) A (0, 0, e, e) 5 a. Taking joins then shows that 
(k(a,) A I(%), @2), k(a3) A @4)y %J4)) 5 b%(a) . 
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For the reverse inequality, consider any (x, y) E U and z E Q such that 
XAZSU. Then 
and therefore k(x,) = k( y,), 1(x2) = I( yz). N ow x, A z, 5 a, implies k(x, A z,) 5 
k(a,) and hence y, A z, 5 k(y, A z,) = k(x, A z,) 5 k(a,), while x2 A zz 5 a2 
implies Z(x, A z2) 5 /(a,) and hence y, A z2 5 I( y, A z2) = /(x2 A z2) 5 !(a*). 
Further, the latter shows that y, A z, 5 Z(u,), since y, syz and z, 5 zz, and 
we obtain that y, A z, 5 k(U,) A f(U,), y2 A z2 5 l(U,). By Similar CdCUhtiOUS, 
Y, A *3 S k(%) A [(a,), y, A z4 5 l(u,), showing in all that 
which establishes the desired inequality. 
Using the resulting formula for p0 one easily checks now that p0 is actually 
idempotent and consequently p = p,,. 
Identical calculations show that 
V”(Q) =(k(a,) A K%L 4%) A ~(a,>, Ku,), Ku,)) 
as well as v = v,. 
Now, by definition, K is the nucleus resulting from the prenucleus K,, = p. v 
v, = p v v, and with the notation m, = k v 1, this turns out to be 
K,,(u) = (k(a,) A (/(a,) v /(a,)), m,,(%> A l(a,)> m,,(%) A I(%)> I(%)) 
We note further that m,, is the prenucleus which determines the nucleus m 
associated with the congruence 0 v @. 
Of particular interest to us are the elements ~(0, e, 0, e) and ~(0, 0, e, e). We 
claim that 
40, e, 0, e) = (k(O), e, m(O), e) , dO,O, e, e) = (k(O), m(O), e, e) . 
For the first of these, it is obvious that (k(O), e, m(O), e) is a fixpoint of K,, above 
(0, e, 0, e), and hence we only need to show that it is the least such fixpoint. Now, 
for any s E Q such that K,,(S) = s 2 (0, e, 0, e), s 2 (k(O), 0, s3, e), hence also 
s3 2 m,,(si) and therefore s3 = m,,(s,); this, in turn, shows s3 2 m(O), the latter 
being the. least fixpoint of m,,. In all, s 2 (k(O), e, m(O), e) as desired. Entirely 
analogous arguments establish the second result. 
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With this preparation, we are able to show that (1) + (2). Consider the 
diagram 
P- -Q 
where L+ M is the identical embedding, A the homomorphism representing the 
singly generated extension M of L, with kernel [O, @I, K = Fix(K) and k the 
corresponding frame homomorphism, and cp,$ the homomorphisms such that 
kcp = cph, k$ = $A resulting from the fact that Ker( A) = [O, @] c Ker(kq), 
Ker(k$) by the definition of k. Here, for any x E L, 
+) = ph(x, x) = k&r, x) = k(x, x, x, x) 
= k$(x, x) = &i(x, x) = 4(x> > 
saying that (pIL = q!IL. H ence, by hypothesis, cp = q!~, and in particular 
k(0, e, 0, e) = kq(O, e) = cpA(0, e) = $A(O, e) 
= k$(O, e) = k(0, 0, e, e) . 
By our preceding result, this means m(0) = e, and that is the same as 0 v @ = V. 
(2) 3 (3) Let A - i indicate the frame homomorphism 6 L + CrM taking each 
congruence on L to the congruence it generates on M. Then 0 v 0 = V in CrL 
implies 6 v 6 = V in CCM. Also, by definition, 0 = Vcl L and @ = A,[ L so that 
6 C V’ and 6 c A,.. Hence 6 II V,. = A and therefore also V, c 6, showing that 
Vc = 0 as claimed. 
(3) $ (1) We have the following diagram 
where i is the identical embedding, VL and VM are the standard embeddings of a 
frame into its congruence frame, 6i = @a is the image factorization, and VM = Pr 
because Vr = 6 and V,” = (V,“) - for each x E L. Now consider any f, g : M + N 
such that fl, =glL, that is, f i = gi. Then 6fcSi = EgGi, hence (Gf)/3 = (Gg)j3 
and therefore, with the embedding VN : N+ CrN, 
which implies f = g. This shows i is an empimorphism, as claimed. 0 
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Remark. The proof of (3) + (1) is part of a more general argument of Madden 
and Molitar [7] characterizing frame epimorphisms. 
4. Singly generated extensions and separation 
We first establish various facts concerning the analogue for frames of the 
Hausdorff separation axiom for spaces, originally introduced by Isbell [5]. 
Definition 4.1. For any frame homomorphism h : L+ M, the dense decomposi- 
tion of h is 
(.)vr 
L-@+M, t=Vhm’{O}, 
x-xvt, Y-h(y) 
and h is called the dense component of h. Moreover, if h is onto it is called closed 
whenever h is an isomorphism. 
It is obvious that h(y) = 0 implies y = t, the zero of tt, which means that h is 
indeed dense. 
For any frame L, let L CT3 L be the coproduct of L with L, with coproduct maps 
i,j: L+LCBL and the codiagonal map 6: LCBL+L defined by si=id,=aj. 
With the notation 
i(x)=x@e, j(x)=e$x, i(x)Aj(y)=xCBy 
this says S(x CD y) = x A y. It is obvious that 6 is onto, and a general fact that 6 is 
the coequalizer of i and j. 
Definition 4.2. A frame L is called separated if 6 is closed. 
Explicitly, this says that the dense component 6 of 6 is an isomorphism, and 
since 
this means that the homomorphism ts+ L induced by 6 is an isomorphism. We 
call s the separator of L. 
Remark. Isbell [5] introduced this notion as ‘strongly Hausdorff’, a term we 
prefer to reserve for topological spaces. More recently, it has been suggested to 
just use ‘Hausdorff’ but this creates a problem if one wants to talk about both 
frames and spaces, as will be the case here later on. ‘Separated’ seems a term with 
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the right connotations. Note, however, that this term is also used elsewhere in a 
different sense. 
The following result appears in [3]; we include a proof for the sake of 
completeness. 
Proposition 4.3. The following are equivalent for any frame L: 
(1) L is separated. 
(2) In LCBL,x@evs=eCBxvsforalZxEL. 
(3) For any f,g: L-M, f(x)vt=g(x)vt, where t= V{f(x)r\g(y)Ixr\ 
y=O}. 
(4) For any f,g : L+ M, (.) v t : M+ tt is the coequalizer. 
Proof. (1) + (2) The homomorphism ts -+ L induced by 6 is an isomorphism, 
and 6(x@evs)=x=6(e@xvs). 
(2)+(3) Forf@g: L@L-+M@M and 6,: M$M+M, t=s,(f@g)(s), 
6,(fCBg)(x$evs)=f(x)vt, and &,,(f@g)(e$xvs)=g(x)vt, hence the 
result. 
(3) + (4) If h : M + N such that hf = hg, 
h(t) = V 1 hf(x) A hg( y) I x A Y = 01 
=v{hf(x)r\hf(y)Ixr\y=o}=o 
and hence h factors through (a) v t : M + t t. Hence this will be the coequalizer of 
f and g iff it does coequalize f and g-which is exactly what (3) says. 
(4) j (1) For the coproduct embeddings from L to L CD L we have that the top 
and bottom part of the diagram 
are both coequalizer diagrams. Hence 8 is an isomorphism. 0 
Proposition 4.3 permits the following short proofs of familiar results. 
Corollary 4.4. Zf h : L+ N is an epimorphism and L is separated then N is 
separated. 
Proof. We use (3). Consider any f,g: N-M and put t= v{f(x)Ag(y)IxA 
y = O}. Since L is separated we have, with 
u = v { fh(u) A gh( w) ] u A w = 0} , 
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that 
fh(z) v u = gh(2) v u (2 E L) . 
Further, u A w = 0 implies h(u) A h(w) = 0 and hence u 5 t so that also 
fh(z) v t = gh(z) v t (2 E L) 
Now, let f,g : Ad-+ tt be defined such that f(x) = f(x) v t and g(x) = g(x) v t. 
Then, the last identity says that fh = gh, and since h is epic we have f = g, as 
desired. 0 
Corollary 4.5. Any regular frame is separated. 
Proof. Again we use (3). Given f, g : L + M and t as previously defined, consider 
anyaandx<ainLsothatx~y=Oandavy=eforsomeyEL.Then 
g(a) v t 2 A4 v (f(x) A g(y)) = ( g(a) v f(x)) A (g(a) v g(y)) 
= g(a) v f(x) zz f(x) 7 
and by regularity it follows that f(a) 5 g(a) v t. Hence, by symmetry, f(a) v t = 
g(a) v t for all a E L, as desired. 0 
There is a companion to Proposition 3.2 for spaces: 
Proposition 4.6. The following are equivalent for a T,,-space X: 
(1) X is Hausdorff. 
(2) The diagonaf A = {(x, x) 1 x E X} of X X X is closed in X x X. 
(3) UXXUS=XXUUSin 2(XxX), whereS=U{VxWIVnW=O}. 
(4) For any continuous c~,I,!J : Y--t X, q-‘(U) U T= $-‘(U) U T for all U E 
CX, where T= U{(pp’(V) n $-‘(W)lV n W= 0). 
Proof. (1) e(2) This is a familiar fact, much used by Bourbaki [2]. 
(2) + (3) Here, S = A’ (complement of A) since the latter is open. Hence 
ClxXUS=(UxXUS)rl(AuS) 
=((UxX)UA)uS=((Xx r/)nA)u,S 
=xxuus. 
(3)+(d) T k’ g a m inverse images under the composite map 
Y-YxY+XxX, Y”(Y, Y>> P x + 
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on either side of the given identity U x X U S = X X U U S produces the desired 
result. 
(4) 3 (3) Apply the hypothesis to the product projections X X X-+ X. 
(3) + (2) Given x # y there exists a neighbourhood of one missing the other 
(since X is T,,), say x E U and y g U for some open U. Then (x, y) E U X X 
implies that (x, y) E X x U U S, and hence (x, y) E S, but S is evidently symmet- 
ric and hence A’ L S. Since the reverse inclusion holds anyway, we thus have 
A’ = S, and since S is open this makes A closed. 0 
Proposition 4.6 immediately leads to the following familiar results: 
Corollary 4.7. For any T,,-space X, if \EX is separated then X is Hausdorff. 
Proof. Proposition 3.2(3) obviously implies Proposition 4.3(4). 0 
Corollary 4.8. For any separated frame, the spectrum is Hausdorff. 
Proof. The topology of the spectrum of a frame L is a homomorphic image of L. 
Hence the result, by the preceding corollary and Corollary 4.4. 0 
It now makes sense to introduce the following: 
Definition 4.9. A space X is called strongly Hausdorff if it is T,, and )z#X is 
separated. 
Remark. It is known from Isbell [5] that a Hausdorff space need not be strongly 
Hausdorff. In view of Proposition 4.3(3) and (2) of Proposition 3.2(2), this can be 
attributed to the difference between CX@,EXand C(X x X). The latter in turn, 
has to do with JzX@ ,rZX being non-spatial, since for sober X, the coproduct is 
spatial iff the standard homomorphism CX@CX+ s\(X X X) is an isomor- 
phism. 
We are now ready for our result concerning the preservation of separation by 
singly generated frame extensions. The crucial second part, originally only 
obtained for dense generator, is due to Chen Xiangdong. 
Proposition 4.10. For any singly generated extension M of a separated frame L, M 
is separated iff it is an epi-extension L. 
Proof. The first part is immediate by Corollary 4.4. For the second part, let M be 
separated and f,g : M+ N such that f IL = gl,. Now by Proposition 3.1(3), 
(*I f(x) v t = g(x) v t (x E M) 
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for t= V{f(4fd~)I x A y = 0}, and hence we obtain the desired f = g by 
showing t = 0. For this, take any disjoint x,y E M and let x = X, v (x, A c) and 
y=y,v(y2~c), wherex,SX2andy,Sy,. ThenO=x~y=(x,r\y,)v(x,~ 
y, A c) means that X, A y, = 0 and x2 A y2 A c = 0, and therefore also x, A yz A 
c = 0 =x2 A y, A c. Using these conditions together with the hypothesis that 
fl, = ‘40 one directly computes that 
This proves t = 0, and hence A.4 is an epi-extension of L. 0 
Corollary 4.11. The free singly generated extension of a separated frame is not 
separated. 
Prof. The extension is not epic. 0 
Corollary 4.12. If L is separated and M = L [c] where c is dense and for all x E L, 
x < c implies x = 0, then M is not separated. 
Proof. Either one of the defining congruences 0 and @ is dense: (0, x) E 0 means 
c = c v x, hence x 5 c, and thus x = 0, while (0, x) E @ says that 0 = c A x, and 
hence also x = 0. It follows that both 0 and CD are contained in the largest dense 
congruence B = {(x, y) 1 x”” = y**}, and since B C V this shows 0 v @ #V. 
Thus, the extension is not epic, and hence M is not separated. Cl 
For the final corollary, it will be useful to have the following: 
Definition 4.13. An element c of an extension M of a frame L is called tied to L if 
there exist u E L such that c A u,c v u E L. 
Corollary 4.14. If L is separated and M = L[ c] where c is tied to L, then M is 
separated. 
Proof. We show explicitly that M is an epi-extension of L. Let u E L such that 
c A u,c v LL E L by hypothesis, and consider any f,g : h/l+ N which coincide on 
L. Then putting b = f(u) = g(u), we have f(c) A b = f(c A u) = g(c A u) = g(c) A 
b, and similarly f(c) v b = g(c) v b; this shows f(c) = g(c), and hence f = g. 0 
Remark. The same argument shows that any extension M of a frame L generated 
by arbitrarily many elements tied to L is an epi-extension. Note that any element 
in M with a complement in L is trivially tied to L. That any extension of L 
generated by such elements is epic is therefore a familiar special case. 
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Next a result concerning regularity: 
Lemma 4.15. No singly generated proper extension L[ c] of a frame L with dense 
generating element c is regular. 
Proof. We first determine the pseudocomplement x* for any x E L[c] in terms of 
the pseudocomplementation ( )” in L. For x = x, v (x2 A c) and y = y, v (y, A c) 
(x, 5 x2 and y, my,), if x A y =0 then x2 A y2 A c = 0, hence by denseness 
X2 A Yz = 0 and therefore y, 5 x,“. It follows that y 5 XT, and since x A x,” = 0 this 
shows x* = x# 2 . Thus, all regular elements x = x** of L[c] actually belong to L, 
and since regularity of a frame implies that every element is a join of such 
elements, cj??L shows that L[c] is not regular. 0 
Combining the present result with Corollary 4.14, we further obtain the 
following corollary: 
Corollary 4.16. If L is separated and M = L[c] where c is dense and tied to L, then 
M is separated but not regular. q 
We now show how the following fundamental fact, due to Isbell [5], concerning 
strong Hausdorffness is a consequence of the preceding results. 
Proposition 4.17. There exist T,,-spaces X such that 
(1) X is not regular but strongly Hausdorff, 
(2) X is Hausdorff but not strongly Hausdorff. 
Proof. Re (1): Using Corollary 4.16, if Y is any regular Hausdorff space with a 
non-open dense subset C the space X with the same underlying set as Y and 
SX = C Y[ C] will be of the required kind. Now, a regular Hausdorff space 
contains such a C whenever it has a dense open subset W whose complement is 
not discrete: one may take C = W U {x}, where XJ&W and x is not isolated in the 
complement of W. Evidently, such spaces abound. 
Re (2): Using Corollary 4.8, we again obtain the desired space X by taking 
0X = Q Y[ C], on the underlying set of a regular Hausdorff space Y, where C is 
now any dense subset of Y with empty interior. Again, spaces Y with such subsets 
abound, the most natural example being [w and Q-which is what Isbell [5] uses. 
Appendix. Extensions of strongly Hausdorff spaces 
Recall that a frame L is called conjunctive [9] whenever a < c in L implies there 
exist b E L such that a v b < e = b v c, and that this is equivalent to the condition 
that, for each a E L, 
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The latter was introduced by Isbell [5] to define subfitness as a weakening of the 
stronger notion of fitness, the latter meaning that every congruence is generated 
by elements of the form (a, e). Since the lattice theoretical condition harks back 
to the dual condition already used by Wallman [lo] to define disjunctiveness, we 
prefer to follow the terminology of Simmons [9] in the present context. 
It is a familiar fact concerning this notion that any regular frame is conjunctive, 
as is r‘X for any T,-space X (though not conversely). In particular, then, CX is 
conjunctive whenever it is separated, for any T,,-space X. On the other hand, it is 
a remarkable result of Isbell [5] that this implication does not hold for arbitrary 
frames. In this section, we present a number of results, of possible independent 
interest, which provide easy access to separated frames which fail to be con- 
junctive. 
As a first step in this direction, we introduce a method of forming quotients, of 
suitable frames, which are not conjunctive. This will be based on a particular kind 
of frame element identified as follows: 
Definition A.l. In any frame L, a E L is called barely dense if it is dense in L but 
not in any Tb where 0 < b 5 a. 
More explicitly, the second part of this means that, whenever 0 < b I a, there 
exist c > b such that a A c = b. 
The interest in such elements lies in the following: 
Lemma A.2. For any barely dense element a of a frame L, the image of the 
homomorphism L+ (fa) x (La),, by x*(x v a, (x A a)**) is not conjunctive. 
Proof. For any x 5 a, put x”= V{z E L 1 x = z A a}, that is, x” is the largest 
element of L whose meet with a is x. Then, the fact that a is barely dense implies 
that x” > x for each non-zero x I a, or: x” = x implies x = 0, for all x 5 a. 
We prove the lemma by showing that the conjunctivity condition does not hold 
for (a, 0) and (a, a), the images of 0 and a respectively. For this, let 
(#) (a, a) v (x v a, (x A a)**) = (e, a) 
andconsideranyz~asuchthat(x~a)~z=O.Thenar\(x~a)“r\2”=xr\a~ 
z = 0, hence (x A a)“~ z”= 0 since a is dense, thus also x A z”= 0 because x 9 
(x A a)“, and therefore z” I a since x v a = e by (#). It follows that z” = z, which 
implies z = 0, as pointed out earlier. This means x A a is dense in La, and 
COnSeqUently (X A a)*” = a. In all, this shows (#) implies that (x v a, (x A 
a)**) = (e, a), which in turn proves there exist no x E L such that 
(a, 0) v (x v a, (x A a)*+) < (e, a) = (a, a) V (x v a, (x A a>**> . 
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Thus, (a, 0) and (a, a) violate the conjunctivity condition. 0 
In particular, this lemma shows that any separated frame with a barely dense 
element gives rise to a separated frame which is not conjunctive. That such frames 
are not quite as easily obtainable as one might hope for is indicated by the 
observation that a regular frame does not have any barely dense elements which is 
an immediate consequence of the basic fact that any regular frame is fit and the 
following corollary: 
Corollary A.3. Any frame with a barely dense element is not fit. 
Proof. By Lemma A.2, any such frame L has a homomorphic image A4 which is 
not conjunctive. Now, any fit frame is conjunctive, hence M is not fit, and then L 
cannot be fit since fitness is obviously inherited by homomorphic images. 0 
Next, we show that frames with barely dense elements do in fact readily arise in 
connection with a certain kind of extension space. 
First, we recall some relevant concepts. A space E is called a simple extension 
of a space X if X is a dense open subspace of E such that the remainder E - X is 
discrete. On the other hand, E is called a strict extension of X if X is a dense 
subspace of E such that the open sets 
W”=U{UECEIU~X=W} (WECX) 
generate C E. 
A typical way of describing a simple extension of a space X is to present a 
family (?J,EK of filters in ?3X, indexed by a set R disjoint from X. The 
corresponding simple extension of X then has the s E R as new points added to X 
and is determined by assigning neighbourhood bases as follows: 
{UECXIxEU} forxEX, 
{WU{S}~WE~,} forsER. 
One calls the resulting extension space of X the simple extension with jilter trace 
(95),sER. This construction goes back to Katetov [8] and has been used in various 
places elsewhere, as described in [l]. On the other hand, any extension Y of X 
(meaning: X is a dense subspace of Y) has a simple extension associated with it, 
with filter trace 
as well as a strict extension, given by the subtopology of QY, on the same 
underlying set, generated by the W#, WE CX, described above. One might note 
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that whenever Y is (semi)regular Hausdorff it is a strict extension of X and hence, 
barring trivial exceptions, the topology of the associated simple extension is 
properly finer than CY. 
Now we have the following lemma: 
Lemma A.4 If E is any simple extension of a space X which has empty interior in 
the associated strict extension then X is barely dense in C E. 
Proof. For any non-void W c X in CE, W# must be properly larger than W since 
W# = W makes the interior in question non-void. 0 
Before we get to the main result of this section we need a technical lemma on 
frame coproducts. 
Lemma A.5. For any frame L and a E L, the homomorphisms 
L@L-(La)@(La), (&)@(?a>, (?a>@(&>, (ta>@(ta), 
x@y-(x A a)@(y A a), . . . , (x v a)@(y v a) 
are jointly manic 
Proof. For any frame M and c E M, the homomorphisms M+ Jc,Tc by x- 
x A c, x v c are jointly manic, and hence so are the analogous L @L+ 
J(aCBe),T(a@e). Using that J,(aCBe)~((la)@L and t(a@e)~(~a)$L, and 
repeating the argument with e G3 a for either of these then produces the desired 
result. 0 
Now we have the following proposition: 
Proposition A.6. Any simple Hausdorff extension of a strongly Hausdorff space is 
strongly Hausdorff. 
Proof. Let E be an extension of this kind of a strongly Hausdorff space X. Then, 
using Lemma A.5 for the frame @E and X E CE, and noting that, for R = 
E-X, TX=CR (=‘$R), we have that the homomorphisms 
induced by restriction to X and R, are jointly manic. Hence, for the element 
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and any U E CE, the desired identity 
can be established by verifying it for the corresponding images under each of the 
above four homomorphisms. To this end, we describe the images of S. 
(1) In OX@ QX, this is V {P@ Q 1 P n Q = O} since P fl Q in CX implies 
P# II Q# = 0 in J7E which ensures that all disjoint P,Q in CX result from disjoint 
V,W in CE. 
(2) Since R is discrete, DX@ CR is actually C(X x R). Now, for any x E X 
and y E R, x # y and hence there are disjoint V,W E C E such that x E V and 
y E W, since E is Hausdorff, showing that (x, y) E (V fl X) x (W n R) belongs to 
the image of S. Therefore this image is just X X R. 
(3) Again, the image of S is R X X. 
(4) As previously, ClR@SR = C(R x R) and the image of S is U{(Vn 
R) x (W f’ R) 1 V fl W = 0} which contains all A x B C R x R for A, B C R with 
disjoint neighbourhoods in E. It follows this set is R X R - A,. 
Now, it is easy to see that U @ E U S and E CE3 U S are mapped the same way in 
all cases. For (l), this holds since X is strongly Hausdorff, for (2) and (3) it 
follows trivially, and for (4) because R is Hausdorff. 0 
Now, we obtain the result of Isbell [5] referred to earlier: 
Corollary A.7. There exist separated frames which are not conjunctive. 
Proof. Take any regular T,,-space Y with a dense subspace X with empty interior 
and let E be the associated simple extension of X. Then, by regularity, Y is the 
strict extension associated with E. Further, X is barely dense by Lemma A.4 
while E is strongly Hausdorff by Proposition 4.17; hence the result, by Lemma 
A.2. 0 
The same E and X also prove, by Corollary A.3, the following companion 
result of Isbell [5] to the preceding one: 
Corollary A.8. There exist strongly Hausdorff spaces whose frame of open sets is 
not jit. 0 
Remark. The above, of course, implies the result dealt with earlier, that a 
strongly Hausdorff space need not be regular. It seemed worth noting that this 
fact can already be obtained in the context of singly generated extensions-a 
much simpler setting than the present one. In a similar vein, one may wonder 
whether the existence of separated frames which are not conjunctive could 
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already be obtained in that setting. However, this seems somewhat unlikely in 
view of the fact that any singly generated extension of a fit frame is again fit. 
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